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The quantum entanglement contained in density matrices
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We point out that density matrices can only be used to describe quantum states, so the
entanglement contained in a density matrix is just quantum entanglement. This means a
bipartite state described by a density matrix contains quantum entanglement, unless the
density matrix has the form ρAB = ρA ⊗ ρB.
PACS numbers: 03.67.Mn, 03.65.Ud
Quantum entanglement [1–3] is a very important phenomenon. It has important application in
quantum teleportation [4, 5], quantum cryptographic schemes [6], dense coding [7] and quantum
parallel computation [8]. The quantifying of the quantum entanglement degree of bipartite pure
states has been well done [9], but how to define and quantify general system’s quantum entangle-
ment degree is still an unresolved problem [10].
It’s known that density matrices are the concept of quantum mechanics, so it can only be used
to describe quantum states. Thereore we can deduce that the entanglement contained in a density
matrix is just quantum entanglement. This means that only the density matrix having the form
ρAB = ρA ⊗ ρB doesn’t contain quantum entanglement. Any other density matrix, including the
following one [11]:
ρAB =
n∑
i=1
pi ρ
A
i ⊗ ρBi , (1)
where n > 1, contains quantum entanglement.
Obviously this conclusion contradicts the point of a number of scientists who considered the
entanglement in Eq.(1) is classical entanglement [10–12]. Here we present two proofs to prove our
point. Firstly consider the three systems: A, B and C, if A gets quantum entangled with BC group
in a pure state:
|ψABC〉 =
∑
i
√
pi|AiBiCi〉 , (2)
where {|Ai〉}, {|Bi〉} and {|Ci〉} are the orthonormal bases of the corresponding systems, the
reduced density matrices describing A and B group and A and C group are:
ρAB =
∑
i
pi|AiBi〉〈AiBi| , ρAC =
∑
i
pi|AiCi〉〈AiCi| . (3)
2If the point of the literatures [10–12] is right, there isn’t quantum entanglement between A and
B systems and A and C systems. We find this conclusion contradicts a logical fact: if A gets
entangled with BC group, A must get entangled with at least one of B and C systems, otherwise
A will get not entangled with BC group. Obviously only accepting the point that Eq.(1) contains
quantum entanglement can resolve this problem.
Another evidence can be found in quantum teleportation. Suppose B system is far away from
A system, A and C systems are in a same location, and A, B and C systems are in the quantum
states:
ρAB =
1
2
(|A1B1〉〈A1B1|+ |A2B2〉〈A2B2|) , |ψC〉 = c1|C1〉+ c2|C2〉 . (4)
Perform an union measurement for A and C systems,we will obtain one of the following possible
states:
|ψAC1〉 = 1√
2
(|A1C1〉+ |A2C2〉) , |ψAC2〉 = 1√
2
(|A1C1〉 − |A2C2〉) ,
|ψAC3〉 = 1√
2
(|A1C2〉+ |A2C1〉) , |ψAC4〉 = 1√
2
(|A1C2〉 − |A2C1〉) , (5)
accordingly B system will change its state to one of the following possible states:
ρB1 = |c1|2|B1〉〈B1|+ |c2|2|B2〉〈B2| , ρB2 = ρB1 ,
ρB3 = |c2|2|B1〉〈B1|+ |c1|2|B2〉〈B2| , ρB4 = ρB3 . (6)
It is obvious that B final state contains part of the information of C initial state: the module
squares of the expanding coefficients of C initial state. On the other hand, if use the accepted
quantum entangled state
|ψAB〉 = 1√
2
(|A1B1〉+ |A2B2〉) , (7)
to replace ρAB in Eqs.(4) to perform the above experiment, we will obtain another set of B possible
states:
ρB1 = |c1|2|B1〉〈B1|+ c1c∗2|B1〉〈B2|+ c2c∗1|B2〉〈B1|+ |c2|2|B2〉〈B2| ,
ρB2 = |c1|2|B1〉〈B1| − c1c∗2|B1〉〈B2| − c2c∗1|B2〉〈B1|+ |c2|2|B2〉〈B2| ,
ρB3 = |c2|2|B1〉〈B1|+ c2c∗1|B1〉〈B2|+ c1c∗2|B2〉〈B1|+ |c1|2|B2〉〈B2| ,
ρB4 = |c2|2|B1〉〈B1| − c2c∗1|B1〉〈B2| − c1c∗2|B2〉〈B1|+ |c1|2|B2〉〈B2| . (8)
Compare this result with Eqs.(6) we find the B final states in Eqs.(8) contain more information
of C initial state: the relative phase of the expanding coefficients c1 and c2. So we can conclude
3that the quantum channel capacity of |ψAB〉〈ψAB | in Eq.(7) is larger than that of ρAB in Eqs.(4).
However we cannot conclude that the channel ρAB in Eqs.(4) doesn’t have the ability to transport
quantum information (the module squares of c1 and c2 are also quantum informations). Thus ρAB
in Eqs.(4) must contain a certain kind of quantum entanglement between A and B systems, though
this kind of quantum entanglement isn’t same as the quantum entanglement in Eq.(7).
In general, we discuss the quantum entanglement contained in the states described by density
matrices. We point out that density matrices can only be used to describe quantum states, thus the
entanglement contained in density matrices is just quantum entanglement. Under this point most
of the quantum separable states people considered before, such as the bipartite state in Eq.(1), are
in fact quantum entangled states.
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Appendix
In this appendix we present the works of trying to quantify the quantum entanglement degrees
of the states described by density matrices. It is obvious that the quantum entanglement degree in
Eq.(7) is larger than that in Eqs.(4). We believe the increase of the quantum entanglement degree
of Eq.(7) comes from the two terms 1
2
|A1〉〈A2|B1〉〈B2|+ 12 |A2〉〈A1|B2〉〈B1| which is the excess part
of |ψAB〉〈ψAB | than ρAB . In general it can be concluded that the quantum entanglement degree of
A and B systems can be determined by the expanding coefficients of A and B system’s (reduced)
density matrix. If A system’s orthonormal bases are {|Ai〉, i = 1...n}, B system’s orthonormal
bases are {|Bi〉, i = 1...m}, expand the density matrix ρAB according to A system’s orthonormal
bases:
ρAB =
n∑
i,i′=1
ρii′ |Ai〉〈Ai′ | , (9)
where the expanding coefficients {ρii′} can be written as follows:
ρii′ =
m∑
j,j′=1
pii′,jj′|Bj〉〈Bj′ | . (10)
If all of {ρii′} are same, A and B systems will not get entangled with each other. So the more
different {ρii′} are, the more large the quantum entanglement degree is. The difference between
4{ρii′} can be determined by the following quantity
Xi1i′1,i2i
′
2
= tr(ρi1i′1ρ
†
i2i
′
2
) =
m∑
j,j′
pi1i′1,jj′p
∗
i2i
′
2
,jj′ . (11)
The matrix X is a Hermitian matrix, so it can be diagonalized by an unitary matrix. The rank of
matrix X is just the number of the orthonormal bases of {ρii′}. Obviously the rank of matrix X is
the bigger the better. But it is difficult to use matrix X to quantify quantum entanglement degree,
because the values of the matrix elements of X also reflect the difference between pure states and
mixed states (the trace of the module square of pure state is 1, but that of mixed state is less than
1) which is nothing to do with quantum entanglement. So up to the present we still haven’t found
a suitable method to quantify the quantum entanglement degree of a general quantum state.
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